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Abstract 

We investigate financial markets under model risk caused by uncer- 
tain volatilities. For this purpose we consider a financial market that 
features volatility uncertainty. To have a mathematical consistent 
framework we use the notion of G-expectati on and its c orresponding 
G-Brownian motion recently introduced by Peng ( 20071 ) . Our finan- 



cial market consists of a riskless asset and a risky stock with price 
process modeled by a geometric G-Brownian motion. We adapt the 
notion of arbitrage to this more complex situation and consider stock 
price dynamics which exclude arbitrage opportunities. Due to volatil- 
ity uncertainty the market is not complete any more. We establish the 
interval of no-arbitrage prices for general European contingent claims 
and deduce explicit results in a Markovian setting. 
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1 Introduction 



Many choice situations exhibit ambiguity. At least since the Ellsberg Para- 
dox the occurrence of ambiguity aversion and its effect on making economic 
decisions are well established. One possible way to model decisions under 
ambiguity is to use multiple priors. Instead of analyzing a problem in a sin- 
gle prior model as in the classical subjective expected utility approach one 
focuses on a multiple prior model to describe the agent's uncertainty about 
the right probability distribution. 

much attention in recent studies, 
of multiple priors was introduced 
and extended to a dynamic model 



These models have gained 
The decision theoretical setting 

Jl989h 



by iGilboa and Schmeidler 



by Epstein and Schneider! (l2003h . iMaccheroni. Marinacci. and Rustichinil 



(120061 1 generalize this model to so-called variational preferences. Multi- 
ple priors appear naturally in mo n etary risk measures as introduced by 
Artzner. Delbaen. Eber. and Heath! (11999! ) and its dynamic extensions, see 
Follmer and Schiedl (120041 ) for an overview. 

Most literature essentially concentrates on the modeling of multiple priors 
with respect to some reference measure^ The standing assumption is that 
all priors are at least (locally) absolutely continuous with regard to a given 
reference measure. This is often a technical assumption in order to simplify 
mathematics. However, it significantly affects the informative value of the 
multiple prior modelj^l In diffusion models, by Girsanov's theorem these 
multiple prior models only lead to uncertainty i n t he mean of the considered 
stochastic process, see IChen and Epstein! (120021 ) or ICheng and Riedell (12010! ) 
for instance. Thus in Finance, these multiple prior models just lead to drift 
uncertainty for the stock price. 

Obviously, one may imagine another source of uncertainty that involves 
the risk described by the standard deviation of a random variable. Especially 
in Finance this is of great relevance. For instance, the price of an option 



^ee Nishimura and Ozakil (|2007l) or lRiedell (l2009h . for example. 

2 The reference measure plays the role of fixing the sets of measure zero. This means 
that the decision maker has perfect knowledge about sure events which is obviously not 
always a reasonable property from an economic point of view. In particular, with a 
filtration satisfying the "usual conditions" which is mostly arranged one excludes economic 
interesting models since the decision maker consequently knows already at time zero what 
can happen and what not. This of course does not reflect reality well as for instance the 
recent incidents about the Greek government bonds illustrate. 
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written on a risky stock heavily depends on the underlying volatility Also 
the value of a portfolio consisting of risky positions is strongly connected 
with the volatility levels of the corresponding assets. One major problem in 
practice is to forecast the prospective volatility process in the market. In 
this sense it appears quite natural to permit volatility uncertainty!! In the 
sense of risk measuring it is desirable to seize this risk. 

Our paper may form the basis for working with volatility uncertainty 
in Finance. There are many problems like hedging of contingent claims 



under constra ints, cf. iKaratzas and Koul (119961 ). or portfolio optimization, cf. 



Mertonl(ll990h . that should also be formulated and treated in the presence of 



model uncertainty. For this one will also need an economic reasonable notion 
of arbitrage as developed in this paper. 



Fernholz and Karatzasl (120101 ) consider the question of outperforming the 
market when the assumption of no-arbitrage is not imposed and incorporate 
volatility uncertainty. Our purpose is to model volatility uncertainty on fi- 
nancial markets under the assumption of no-arbitrage. We set a framework 
for modeling this particular uncertainty and treat the pricing and hedging 
of European contingent claims. The setting is closely related to model risk 
which clearly matters in the sense of risk management. As we shall see allow- 
ing for uncertain volatilities will lead to incomplete markets, therefore effects 
the pricing and hedging of claims, and involves model risk. Our solution 
approach also provides a method to measure this risk. We consider Euro- 
pean claims written on a risky stock S which additionally features volatility 
uncertainty. Roughly, S is modeled by the family of processes 

dS? = rSfdt + <T t SfdB t 

where B = (B t ) is a classical Brownian motion and at attains various values 
in [a_,a] for all t. In this setting we aim to solve 

sup E p {H Tl - x ) and sup E P (—H T ^ 1 ) (1) 

where Ht denotes the payoff of a contingent claim at maturity T, 7^ a 
discounting, and V presents a set of various probability measures describing 
the model uncertainty. 



3 Volatility is very sensitive with respect to changing market data which makes its 
predictability difficult. It also reflects the market's sentiment. Currently high implicit 
volatility levels suggest nervous markets whereas low levels rather feature bullish mood. 
By taking many models into account one may protect oneself against surprising events 
due to misspecification. 
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It is by no means clear whether the e xpressions above ar e well- posed and 
how to choose V in this case. As seen in iDenis and Martinil (120061 ) modeling 
uncertain volatilities leads to a set of priors V which consists of mutually 
singular probability measures]^ So when dealing with model uncertainty we 
need a consistent mathematical framework enabling us to work with pro- 
cesses under various measures at the same time. We utilize the framework of 



sublinear expectation and G-normal distribution introduced by [Peng (120071 ) 
in order to model and control model risk. 

We consider a Black-Scholes like market with uncertain volatilities, i.e., 
the stock price 5" is modeled as a geometric G-Brownian motion 



dSt = rS t dt + S t dBt, Sq = xq, 



(2) 



where the canonical process B = (B t ) is a G-Brownian motion with respect 
to a sublinear expectation E G . E G is called G-expectation. It also represents 
a particular coherent risk measure that enables to quantify the model risk 
induced by volatility uncertainty. For the construction see iPengl ( 120071 ) or 
Pend ( l2010h . 

G-Brownian motion forms a very rich and interesting new structure which 
generalizes the classical diffusion model. It replaces classical Brownian mo- 
tion to account for model risk in the volatility component. Each B t is G- 
normal distributed which resembles the classical normal distribution. The 
function G characterizes the degree of uncertainty. 

Throughout the paper we consider the case where G denotes the function 
y i — v G(y) = \& 2 y + — \^V~ with volatility bounds < a < a. Each B t 
has mean zero but an uncertain variance varying between the bounds <r 2 t 
and a 2 t. So when B t is evaluated by E G we have EciBt) = Ec(—B t ) = 
and Eq(B 2 ) = a 2 t ^ —E G (—B 2 ) = a 2 t. Consequently, the stock's volatility 
is uncertain and incorporated in the process {B t ). The quadratic variation 
process is no longer deterministic. All uncertainty of B is concentrated in 
(B). It is absolutely continuous w.r.t. Lebesgue measure and its density 



satisfies a 2 < 



d(B) t 
dt 



<<f V 



The related stochastic calculus, especially Ito' s integral, c an also be es- 
tablished with respect to G-Brownian motion, cf. IPengl (120 IQh . Notions like 
martingales are replaced by G-martingales with the same meaning as one 
would expect from classical probability theory, cf. Definition IA. 161 



To understand how things are involved see Example 12.11 in Section [2j 
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Even though from the first view of Equation (El) it is hidden we are also 
in a multiple prior setti ng. iDenis. Hu. and Pengj ( 120101 ) showed that the G- 
framework developed in Pengj ( 2007 ) corresponds to the framework of quasi- 
sure analysis^ They established that the sublinear expectation Eq can be 
represented as an upper expectation of classical expectations, i.e., there exists 
a set of probability measures V such that Eq[X] = sup Pe -p E P [X}. 

It should be mentioned that the stipulated dynamics for the stock price 
in 02]) imply that the discounted stock price is a symmetric G-martingale. 
The word "symmetric" implies that the corresponding negative process is 
also a G-martingale which is not necessarily the case in the G-frameworkj^| 
For this stock price model we prove that the induced financial market does 
not admit any arbitrage opportunity^ In addition, this accords with classical 
Finance in which problems like pricing and hedging of claims are solved with 
respect to a risk neutral martingale measure such that the discounted price 
process becomes a (local) martingale. 

The notion of G-martingale plays an important role in our analysis (see 
page [3^1 in the appendix for a deeper un derstanding) . 

By lSoner. Touzi. and Zhangl (|2010al ) a G-martingale (M t ) solves the fol- 
lowing dynamic programming principle, see also Appendix IA.31 

M t = ess sup E Q '(M s \J : t) Q - a.s., t < s, 
Q'ev(t,Q) 

where V(t, Q) := {Q' G V\Q' = Q on Ft}. Thus, a G-martingale is a multi- 
ple prior martingale as considered in iRiedell (120091 ) . The dynamic program- 
ming principle states that a G-martingale is a supermartingale for all single 
priors and a martingal e for an optim al prior. Using the G-martingale rep- 
resentation theorem of ISong! ( 12010bl ). cf. Theorem IA.19[ and Remark IA. 181 
we obtain that a symmetric G-martingale will be a martingale with respect 
to all single priors involved. So, also from this point of view the imposed 
dynamics on S in (J2]) are economic reasonable. 

In such an ambiguous financial market we analyze European contingent 
claims concerning pricing and hedging. We extend the asset pricing to mar- 
kets with volatility uncertainty. The concept of no-arbitrage will play a 



5 See Denis and Martini ( 20061 ). for example. 

6 This characteristic forms a fundamental difference to classical probability theory. Its 
effect is also reflected in the results of Section |3l 

7 In an accompanying paper we will give further economic verification for the dynamics 
in ([21). 
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major role in our analysis. Due to the additional source of risk induced by 
volatility uncertainty the classical definition of arbitrage is no longer ade- 
quate. We introduce a new arbitrage definition that fits to our multiple prior 
model with mutually singular priors. We verify that our financial market 
does not admit any arbitrage opportunity in this modified sense. 

Using the concept of no-arbitrage we establish detailed results providing 
a better economic understanding of financial markets under volatility uncer- 
tainty. We determine an interval of no-arbitrage prices for general contingent 
claims. The bounds of this interval - the upper and lower arbitrage prices 
h up and hi ow - are obtained as the expected value of the claim's discounted 
payoff with respect to G-expectation, see (prj. They specify the lowest ini- 
tial capital required to hedge a short position in the claim, or long position, 
respectively]^] 

Since Eq is a sublinear expectation we know that hi ow ^ h up in general 
which verifies the market's incompleteness. All in all, any price being within 
the interval (hi ow , h up ) is a reasonable initial price for a European contingent 
claim in the sense that it does not admit arbitrage. 

In a Markovian setting when the claim's payoff only depends on the cur- 
rent stock price of its underlying we deduce more structure about the up- 
per and lower arbitrage prices via the so-called Black-Scholes-Barenblatt 
PDE. We derive an explicit representation for the corresponding super- 
hedging strategies and consumption plansj^] In the special situation when 
the payoff function exhibits convexity (concavity) the upper arbitrage price 
solves the classical Black-Scholes PDE with volatility equal to a (a), 
and, vice versa concerning the lower arbitrage price. This c orresp onds 
to a worst-case volatility analysis as in |E1 Karoui and Quenezl ( 19981 ) and 
Avellaneda. Levy, and Parasl (I19951 ). 



Avellaneda. Lew. and Paras 


( 


1995). ] 


in 


Avellaneda. Lew. and Paras ( 


1995) 



sufficient for a gener al study. Our analysis thus provides a rigorous founda- 
ti on for the results in lAvellaneda. Lew and Parasl (119951 ) . A recent preprint 
of Soner. Touzi. and ZhangT f 201 Obi ) also contains relevant results concerning 



8 The expression on the left hand side in ([T]) may be interpreted as the ask price the 
seller is willing to accept for selling the claim, whereas the other represents the bid price 
the buyer is willing to pay. 

9 It is also called side-payments, cf. iFollmer and Schiedl (|2004l ). 
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uncertain volatility!*"! iDenis and Martini fl2006l ) also obtained the identity 
hun = Eq^Ht^ 1 ) for the case when G Cfc(f2) by using quasi-sure analy- 
siso We formulate the financial market in th e presence of volatility uncer- 
tainty using the G-framework of [Peng (120071 ) . Utilizing the set of multiple 
priors V induced by Eg we are able to investigate the market by a more 
powerful approach - a no-arbitrage concept which also accounts for volatil- 
ity uncertainty. Only due to the properties of G-Brownian motion we are 
also able to obtain explicit results like the P DE derivation in the Markovian 
setting. In particular we realize the PDE of iBlack and Scholesl (119731 ) as a 
special case when the volatility uncertainty is set equal to zero. Furthermore, 
we consider the lower arbitr age price hi ow and obtain the identities for claims 



with Ht G Lq(Qt),P > 2o Both bounds together form the basis for an 
economic reasonable price for the claim. 

The paper is organized as follows. Section [2] introduces the financial 
market we focus on and extends terminologies from mathematical finance. 
Section [3] stresses on the concept of no-arbitrage and the pricing of contingent 
claims in the general case. In Section B] we restrict ourselves to the Ma r kovia n 
setting and obtain similar results as in lAvellaneda. Levy, and Parasl ( 119951 ). 
Section [5] concludes. Appendix [A] introduces to the notions of sublinear ex- 
pectation. It summarizes the necessary definitions, constructions and associ- 
ated results from the original sources as far as we used it in the introduction 
and preceding sections. So the appendix serves as a reference work for the 
reader to obtain a deeper understanding of the mathematics. Whenever we 
use a new item from the G-framework in the previous sections we will give 
a brief and rough explanation in order to facilitate a first reading without 
knowing the framework being presented in the Appendix |A] 



2 The market model 



We aim to analyze financial markets that feature volatility uncertainty. 
The following example (see also lSoner. Touzi. and Zhang illustrates 
some issues that arise when we deal with uncertain volatilities. 



10 Thc authors use an approach different from ours. 

n Cb(S7) denotes the space of bounded continuous functions on the path space. 
12 Lq(£It) represents a specific space of rando m var i ables for which the G-expectation 



can be defined. Cf,(fi) is contained in Lq(£It), see Pend ( 2010l ) or Equation © in Appendix 

EH 
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Example 2.1 Let (B t ) be a Brownian motion with regard to some measure P 
and consider the price process modeled as dS° = a t dB t , S = x, for various 
processes a. If a ^ a we have (S 17 ). ^ (S a ). P-almost surely which implies 
that the distributions P o (S* ") -1 and P o (S cr )~ 1 are mutually singular. 

So, given a family of stochastic processes X p , P EV, we need to construct 
a universal process X which is uniquely defined with respect to all measures at 
the same time such that X = X p P-a.s. for all P E V. Also when defining 
a stochastic integral if := j*r] s dB s for all P E V simultaneously the same 
situation arises. Clearly, we can define If under each P in the classical 
sense. Since If may depend on the respective underlying measure P we are 
free to redefine the integral outside the support of P. Thus in order to make 
things work we need to find a universal integral I t satisfying I t = If P-a.s. 
for all measures P EV. 

Let us now come to the introduction of the financial market. All along 
the paper we consider a financial market M. consisting of two assets evolving 
according to 

dlt =n t dt, 70 = 1, 

dS t =rS t dt + S t dB t , So = xo > 0, (3) 

with a constant interest rate r > 0. B = (B t ) denotes the canonical process 
which is a G-Brownian motion under Eq with parameters cr > q_ > 0. For 
the exact definition and construction of the pair B and Eq see Appendix lA.il 
The assumption of strict positive volatility is well accepted in Finance. It is 
of economic relevance, see also Remark IA.5I The asset 7 = (7t) represents 
a riskless bond as usual. Since B = (B t ) is a G-Brownian motion, S is 
modeled as a geo metric G-Brownian motio n similarly to the original Back- 



Scholes model, cf. iBlack and Scholesl (119731 ). where the stock price is modeled 



by a classical geometric Brownian motion. 

As a consequence, in this market the stock price evolution does not only 
involve risk modeled by the noise part but also ambiguity about the risk due 
to the unknown deviation of the process B from its mean. In terms of Finance 
this ambiguity in the stock price is called volatility uncert ainty. If we choose 



a = a = a we are in the classical Black-Scholes model, see Black and Scholes 



(119731 ) or any good textbook in Finance. 

Remark 2.2 Note that the discounted stock price process (•y^ 1 S t ) is directly 
modeled as a symmetric G-martingale with regard to the corresponding G- 
expectation Eq. It is a well known fact in Finance that problems like pricing 



S 



or hedging contingent claims for instance are handled under a risk-neutral 
probability measure which leads to the favored situat ion in which the dis- 



The use of G-Brownian motion in order to model the financial market 
initially leads to a formulation of M. which is not based on a classical prob- 
ability space. The representation theorem for G-expectation, see Theorem 
IA.12t establishes a link also to a probabilistic framework. It provides us with 
a probability space (VLt,F,P) and a set of multiple priors V such that the 
following identity holds 



where X is any random variable for which the G-expectation can be defined, 
for instance if X : Qt — >• M is bounded and continuous. J 7 = B(Qt) denotes 
the Borel cx-algebra on the path space Qt = Co([0, T], R). Besides, there 
exists a process W = (W t ) which is a classical Brownian motion w.r.t. P. 
We can consider the filtration (T t ) generated by W, i.e., T t '■= a{W s \0 < 
s < t} V M where M denotes the collection of P-null subsets. Then the set 
of multiple priors V can be constructed as follows. 

Let 6 := [er,£j], and A® T be the collection of all 9-valued (J^-adapted 
processes on [0,T]. For any 9 E A® T we define P°' e := J^9 s dW s and P e as 
the law of P°> e = J Q 9 s dW s , i.e., P e = P o (P ^)" 1 . Then V is the closure of 
{P e \9 E A® T } under the topology of weak convergence. 

All along the paper we will consider the induced tuple (Qt, J 7 , (Ft), W, P) 
together with the set of priors V as given. Since V represents Eq, it also 
represents the volatility uncertainty of the stock price and therefore of M.. 
The G-framework utilized in this paper enables the analysis of stochastic 
processes for all priors of V simultaneously. The terminology of "quasi-sure" 
turns out to be very useful: 

A set A E J 7 is called polar if P(A) = for all P EV. We say a property 
holds " quasi- surely" (q.s.) if it holds outside a polar set. 

13 This should also be the case in our ambiguous setting. By modeling the discounted 
stock price directly as a symmetric G-martingale we do not have to change the sublinear 
expectation from a subjective to the risk-neutral sublinear expectation and avoid the 
technical difficulties involved. In an accompanying paper we will give economic verification 
for this dynamics. 



counted stock price process is a (local) martingale, cf. \Duffit 




E G (X) = supE p (X) 



9 



When not stated otherwise all equations are also to be understood in the 
sense of "quasi-sure" . This means that a property holds almost- surely for all 
conceivable scenarios. 

Next we repeat some useful definitions which are standard in Finance but 
have to be adapted to this more complex situation. We will need to use the 
following spaces Lq(Q t ), Hq(0, T), and also M^(0,T),p > 1, which denote 
specific spaces in the G-setting. The first one concerns random variables for 
which the G-expectation is defined, see Equation fl9]) in Appendix IA.1I The 
other two are particular spaces of processes for which stochastic integrals 
with respect to B or (£>)., respectively, can be defined. They are the closure 
of collections of simple processes similar to the case when the classical Ito 
integral is constructed, see also Appendix I A. 21 at pages [Ml - 1551 

All along the paper we will presume a finite time horizon denoted by 
T > 0. 

Definition 2.3 A trading strategy in the market Ai is an (Ft) — adapted 
vector process (r),(j)) = (r)t,4>t), 4> a, member of Hq(0,T) such that (4>tSt) G 
Hh(0,T). 

A cumulative consumption process C = (Ct) is a nonnegative 
(J-'t) — adapted process with values in Lq(Qj<), and with increasing, RCLL 
paths on (0, T], and C = 0, Ct < oo q.s. 

Note that the stock's price process S de fined b y (151) is an element of 
M%(0,T) which coincides with H%,(0,T), see IPeneJ (j2010[ ). We impose the 



so-called self-financing condition, that is, consumption and trading in M. 
satisfy 

V t := Vtlt + 4>tS t = Volo + 0oSo + / riudlu + / <p u dS u - C t Vt < T q.s. 

Jo Jo 

(4) 

where V t denotes the value of the trading strategy at time t. 

Sometimes, it is more appropriate to consider instead of a trading strategy 
a portfolio process which presents the proportions of wealth invested in the 
risky stock. 

Remark 2.4 A portfolio process it represents proportions of a wealth X 
which are invested in the stock within the considered time interval whereas a 
trading strategy (n, <fi) represents the total numbers of the respective assets the 
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agent holds. Clearly, there is a one-to-one correspondence between a portfolio 
process and a trading strategy as defined above. If we define 

X t^t X t (l-7Tt) w m 



S t It 

(?7, 0) constitutes a trading strategy in the sense of equation (jl]) as long as n 
constitutes a portfolio process with corresponding wealth process X as required 
in Definition \2.6\ below. 

Definition 2.5 A portfolio process is an (Ft) — adapted real valued process 
Ti = (n t ) with values in Lq(Q t ). 

Definition 2.6 For a given initial capital y, a portfolio process it, and a 
cumulative consumption process C , consider the wealth equation 

dX t = X t (l -7T t )—+ XtlTt^ ~ dC t 

It o t 
= X t rdt + X t Tx t dB t - dC t 

with initial wealth X = y. Or equivalently, 

lt X Xt = y - [ lu X dC u + / y^X^dBv, Vt < T. 
Jo Jo 

If this equation has a unique solution X = (X t ) := X y ' n,c it is called the 
wealth process corresponding to the triple (y,7i,C). 

In order to have the stochastic integral well defined, J Q T Xfn^dt < oo 
must hold quasi-surely and we need to impose the requirement that (7TtX t ) G 
Hq(0,T),p > 1, or 6 Mq(0,T),p > 2. We incorporate this into the next 
definition which describes admissible portfolio processes. 

Definition 2.7 A portfolio/consumption process pair (jr, C) is called admis- 
sible for an initial capital y G M if 

(i) the pair obeys the conditions of Definitions [Ql - \2.6\ 

(ii) (ntX^) € Hh(0,T) 
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(in) the solution Xt'*' satisfies 

X?'*' C > —L, Vt < T, q.s. 
where L is a nonnegative random variable in L 2 g {VLt)- 
We then write (ir, C) G A(y). 

In the above Definitions 12.31 - 12.71 we need to assure that the associated 
stochastic integrals are well-defined. In particular condition (ii) of Definition 
12.71 ensures that the mathematical framework does not collapse by allowing 
for too many portfolio processes. 

The agent is uncertain about the true volatility, therefore, she uses a port- 
folio strategy which can be performed independently of the realized scenario 
at the market. Hence, she is able to analyze the corresponding wealth pro- 
cesses with respect to all conceivable market scenarios P EV simultaneously. 

These restrictions on the portfolio and consumption processes replace 
the classical condition of predictable processes. Decisions at some time t 
must not utilize information which is revealed subsequently. In our financial 
setting, the processes have to be members of particular spaces within the G- 
framework. Based on the construction of these spaces (by means of (viscosity) 
solutions of PDEs, cf . Appendix [A} the portfolio and consumption processes 
require some kind of regularity, in particular see identity in Appendix lA.il 
The economic interpretation is that decisions should not react too abruptly 
and sensitive to revealed information. 

3 Arbitrage and contingent claims 

As usual in financial markets we impose the concept of arbitrage. Due to 
this more complex framework both of economic and mathematical manner 
we need a slightly more involved definition of arbitrage. 

Definition 3.1 (Arbitrage in Ai) We say there is an arbitrage oppor- 
tunity in M. if there exist an initial wealth y < 0, an admissible pair 
(tt, C) G A(y) with C = such that at some time T > 

Xlp v '° > q.s., and 
P > 0) > for at least one P eV. 
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If such a strategy in the sense above existed one should pursue this strat- 
egy since it would be riskless and in the lucky situation that P drove the 
market dynamics one would make a profit with positive probability. It is im- 
portant to note that in the definition of arbitrage we have to require quasi- 
sure dominance for the wealth at time T in order to exclude the risk in all 
possible scenarios that may occur. So there should not exist a scenario under 
which there is positive probability that the terminal wealth is less than zero. 

Remark 3.2 The second condition in the definition of arbitrage is just the 
negation of X^ ,c < q.s. Hence, combined with the first condition it ex- 
cludes that XJp ,7T ' C equals zero quasi- surely. 

We identify (y, n, C) as an arbitrage if there exists profit with positive 
probability in at least one scenario even though there does not exist profit 
with positive probability in many others. Of course, one could also define 
arbitrage by the requirement that the second condition has to hold for all 
scenarios, i.e., there existed profit with positive probability in all scenarios. 
We think that this kind of arbitrage definition is not very reasonable from an 



economic point of view, see Remark 3. 14 



Lemma 3.3 (No— arbitrage) In the financial market A4 there does not ex- 
ist any arbitrage opportunity. 

PROOF: Assume there exists an arbitrage opportunity, i.e., there exists 
some y < and a pair (ir, C) G A{y) with C = such that X^' > 
quasi-surely for some T > 0. Then we have Eq^X^' 17 ' ) > 0. By definition of 
the wealth process 

< E G (X^V) < y + E G (j\?Xt>*>\ t dB t 

since the G-expectation of an integral with respect to G-Brownian motion 
is zero@ Hence, E G (X|,' 7r '°7y 1 ) = which again implies X^' 7 "' ^ 1 = q.s. 
Thus, (y, ir, 0) is not an arbitrage. □ 



In the financial market Ai we want to consider European contingent 
claims H with payoff at maturity time T. Here, represents a nonneg- 
ative, J-T~adapted random variable. All the time we impose the assumption 

"Here we used that (Xf' 7T '°TT t ) g H^(0,T), cf. condition (ii) of Definition O 
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Ht G Lq(Qt)- The price of the claim at time will be denoted by H . In 
order to find reasonable prices for H we use the concept of arbitrage. Similar 
to above we define an arbitrage opportunity in the financial market (M., H) 
consisting of the original market A4. and the contingent claim H . 

Definition 3.4 (Arbitrage in (Ai,H)) There is an arbitrage opportunity 
in (A4,H) if there exist an initial wealth y > (respectively, y < 0), an 
admissible pair (tt,C) G A(y) and a constant a = — 1 (respectively, a=l), 
such that 

y + a-H <0 

at time 0, and 

-)_ a . }J T > o q.s., and 
P (x$*' c + a-H T >0) > for at least one P eV 

at time T. 



The values a = ±1 in Definition 13.41 indicate long or short positions in 
the claim H, respectively. This definitio n of arbitrage is standard in the 



literature, see iKaratzas and Shrevd (119981 ). For the same reasons as before 



we again require quasi-sure dominance for the wealth at time T and gain 
with positive probability for only one possible scenario. 



In the following we show the existence of no-arbitrage prices for a claim 
H which exclude arbitrage opportunities. Compared to the classical Black- 
Scholes model there are many no-arbitrage prices for H in general. We shall 
see that mostly hedging, or replicating arguments, respectively, fail due to 
the additional source of uncertainty induced by the G-normal distribution 
causing the incompleteness of the financial market, see Remark 13.1 11 Thus in 
our ambiguous market M. there generally is either a self-financing portfolio 
strategy which replicates the European claim nor a risk-free hedge for the 
claim since the uncertainty represented by the occurring quadratic variation 
term cannot be eliminated. Only for special claims H when (Ea[Hj'\J : 't\) is 
a symmetric G-martingale, cf. Remark 13. Ill we have h up = hi ow . 

Clearly, there is only one single G-Brownian motion which occurs in the 
financial market model. However, due to the representation theorem for G- 
expectation there are many probability measures involved in Ai, cf. Theorem 
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IA. 121 Each measure reflects a specific volatility rate for the stock price. 
Roughly speaking, these measures induce the incompleteness since only one 
scenario is being realized and only in this scenario the stock is being traded. 

The functional Eg is just a useful method to control the dynamics by 
giving upper and lower bounds for European contingent claim prices written 
on the stock, see Theorem 13.61 

The following classes will matter in our subsequent analysis. 

Definition 3.5 Given a European contingent claim H we define the lower 
hedging class 

C := {y > 0|3 (tt,C) G A(-y) : X~ y ^ c > -H T q.s.} 

and the upper hedging class 

U:={y> 0|3 (tt, C) G A{y) : X^ c > H T q.s.}. 

In addition, the lower arbitrage price is defined as 

h low := sup{y\y G £} 

and the upper arbitrage price as 

h up := M{y\y G U}. 

The main result of this section concerns the lower and upper arbitrage 
price. It is possible to determine the prices explicitly. We have 

Theorem 3.6 Given the financial market (Ai,H). The following identities 
hold: 

h up = EciHr^ 1 ) 
h low = - Eci-HT'j' 1 ). 

Before proving th e theorem we establ i sh som e results about the hedging 
classes. As proved in iKaratzas and Koul (119961 ) one can easily show that L 
and U are connected intervals. More precisely we have 

Lemma 3.7 y G C and < z < y implies z G C Analogously, y G W and 
z > y implies z ElA. 
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The proof uses the idea that one "just consumes immediately the 
difference of the two initial wealth". To include the case U = we define 
inf = oo. 



For a G [a, a] let us define the Black-Scholes price of a European contin- 
gent claim H 



u 



where P a G V denotes the measure under which S has constant volatility 
level a. As mentioned in Appendix IA.1I it is defined by P a := Pq o (J") -1 
where X° := J^adW u . Clearly, due to the dynamics of S, cf. Equation [3j 
P u is the usual risk neutral probability measure in the Black-Scholes model 
with fixed volatility rate a. 



Similar as in the case with constraints, see iKaratzas and Koul (119961 ). we 
can prove the following three lemmata. For this let if be a given European 
contingent claim. 

Lemma 3.8 For any a G [q_, a] the following inequality chain holds: 

hlow — — hup- 

Proof: Let y G U. By definition of U there exists a pair (n,C) G A(y) 
such that X^' n ' c > Ht q.s. Using the properties of G-expectation as stated 
in Appendix IA.lt m particular Prop. IA.11I for the first equality, we obtain 
for any a G [a, a] 

y = E G (y + J%r l Xr' C ^dB t ^j > E G (y + j\^ l Xr' C ^tdB t - j\^dC^j 
= E G fe'^Sv 1 ) > E G {H t1 ^) = sup E p (H Tl ^) > Uq. 

The first and second inequalities hold due to the monotonicity of Eg, the 
second equality holds by the definition of the wealth process and due to 
y GW, the third equality by the representation theorem for Eg, cf. Theorem 
IA.12| and the last estimate holds because of P a G V. Hence, h up > Uq. 

Similarly, let y G L and (ir, C) G A(— y) be the corresponding pair such 
that X^ y,7T,c > —Ht q-s. By the same reasoning as above we obtain for any 
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-«6 



a G [a, a] 

-V = E G f-y + J ^X^^dB, 

> E G f-y + j\^X^ c n t dB t - ^V^C*) 

= E G (X?>*' c tf) > E G {-H t1 ~ 1 ) > -E p ° {H Tl ~ l ) 

which implies y < Uq and the Lemma follows. □ 

Lemma 3.9 For any price Ho > h up there exists an arbitrage opportunity. 
Also for any price H < hi ow there exists an arbitrage opportunity. 

PROOF: We only consider the first case since the argument is similar. 
Assume H > h up and let y G (h up , H ). By definition of h up we deduce that 
y G U. Hence there exists a pair (it, C) G A(y) with 

X^' C >H T q.s. 

and 

y-H <0. 

This implies the existence of arbitrage in the sense of Definition 13.41 

3 a > 1 with ay = H . Then (ir, aC) G A(ay) and x!f l,n,aC = aX^' n,c . Let 

P G?, w.l.o.g. we may assume P(Ht > 0) > 0. Due to 

1 = P(X y ^' c > H T ) < P(aX v ^' c > H T ) + P{XY'° = = H T ) 

we deduce P(X%? ,7r,a > Ht) > 0. Hence, (ay, it, aC) constitutes an arbi- 
trage. □ 



Lemma 3.10 For any H £ UU the financial market (A4, H) is arbitrage 
free. 

PROOF: Assume H Q ^ U, H ^ £ and that there exists an arbitrage 
opportunity in (Ai,H). We suppose that it satisfies Definition 13.41 for a = 
— 1. The case a = 1 works similarly. 

By definition of arbitrage there exist y > 0, (it, C) G A(y) with 

y = X^ C) < H 
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and 

X^' C >H T q.s. 

Hence, y G U, whence H G U by Lemma 13.71 This contradicts our 
assumption. □ 



Now we pass to the proof of Theorem 13. 61 

PROOF: Let us begin with the first identity h up = E g {Ht^x 1 )- As seen m 
the proof of Lemma 13. 8[ for any y G Vi we have y > Eq (^HtJ^ 1 ) ■ Hence, 
h up = mi{y\y G IA\ > Eq (H t1 ^). 

To show the opposite inequality define the G-martingale M by 

M t :=E G (H Tl ^\j^ t ) Vt<T. 

By the martingale representation theorem (jSong (bolObj )). see Theorem \AA9\ 
there exist z G H G (Q, T) and a continuous, increasing process K = (K t ) with 
Kt G L g {VLt) such that for any t < T 



M t = E G (H Tl ^) + / z s dB s - K t q. 
Jo 



s. 



For any t < T we set y = Eq^Ht^j- 1 ) > 0, A^ = Zt"ft G H G (0,T), and 
Ct = JJj ^sdKg G L(j(f2r)- Then the induced wealth process satisfies 
for any t <T 

1 -i xr ,c = y+ f X v^ sl7 i dBs _ [\^ dCs = M t . 
Jo Jo 

C obeys the conditions of a cumulative consumption process in the 
sense of Definition 12.31 due to the properties of K. Because of 
7 < ~ 1 Af' 7r ' C ' = Mt > Wt < T the wealth process is bounded from be- 
low, whence (jr, C) is admissible for y. 

As Af,' 71 ^ = ^tMt = Ht quasi-surely we have y = Eq^Ht^ 1 ) G U. Due 
to the definition of hi we conclude h up < E G {H T ^ 1 ). 

The proof for the second identity is similar. Again, using the proof of 
Lemma 13.81 we obtain y < —E G (— Ht'Jt 1 ) for any y G C and therefore 
hiow < -E G (-Ht^ 1 ). 



18 



To obtain hi ow > —Eg{—Ht^ t 1 ) we again define a G-martingale M by 

M t = E G {-H Tl - l \F t ) W<T. 

The remaining part is almost a c opy of above. Again by the martingale repre- 
sentation theorem ( Song ( 2010bl )) there exist z G H G (0, T) and a continuous, 
increasing process K = (K t ) with G L g (Qt) such that for any t <T 



M t = Eai-HrYT 1 ) + I z s dB s -K t q.s. 

Jo 

As above, for any t < T we set — y = Eg{—Ht^t 1 ) — 0' X t ir t = zcft G 
Hq(0,T), and C t = jl^ s dK s G Lq(Qt)- Then the induced wealth process 
X~y> w ' c satisfies for all t < T 

ir i x -y,«,c = _ y + f X; v^c nsl -i dBs _ f\ 7 i dCs = Mt . 
Jo Jo 

Again C obeys the conditions of a cumulative consumption process due to 
the properties of K. Furthermore, for any t <T 

ir i X r v '*' C = E G (-H Tl ~ l \JF t ) > E G {-H T \7 t ) 

which is bounded from below in the sense of item (iii) in Definition 12.71 
since — Ht G L g (Qt)- Hence the wealth process is bounded from below. 
Consequently, (ir, C) is admissible for —y. 

As Xy S,ir ' c = jtMt = —Ht quasi-surely we have y = — Eg{— Ht^? 1 ) G C. 
Due to the definition of C we conclude hi ow > —Eg{—H t ^) which finishes 
the proof. □ 



Remark 3.11 By the last theorem we have hi ow ^ h up in general since 
Eg is a sublinear expectation. This implies that the market is incomplete 
meaning that not all claims can be hedged perfectly. Thus in general, there 
are many no-arbitrage prices for H . We always have hi ow ^ h up as long 
as (EgIHtj^ 1 ]^]) is not a symmetric G-martingale. In the other case, 
the process K is identically equal to zero, cf. Remark I A. 18\ implying that 
(EqIHt^t 1 ^^) is symmetric and Ht can be hedged perfectly due to The- 
orem lA~Tf% and Remark \A.18[ As it is being showed in Section^ if H for 
instance is the usual European call or put option this is only the case if a = a 
which again implies that Eg becomes the classical expectation. 
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Remark 3.12 Again under the presumption of hi ow ^ h up it is not clear a 
priori whether a claim's price H e qual to h np or hi mn i nduce s an arbitrage 



opportunity or not. In the setting o uKaratzas and Kou\ tl99& ) there may be 



situations where there is no arbitrage, while in others there may be arbitrage. 
For instance, if H = h up G U and Ct > a .s., then this consumption can be 
viewed as kind of arbitrage opportunity (see Karatzas and Kou 1 199(\) ). The 



agent consumes along the way, and ends up with terminal wealth almost 
surely. 

As seen in the proof of Theorem \3.6[ in our setting we always have h up G 
U and hi ow G C We shall see that due to our definition of arbitrage - 

P (^X^ n ' C — aHx > ~\ > only has to hold for one P G V - we have that 

a price H = h up or H = hi ow induces arbitrage in (A4,H) in the sense of 



Definition 3.4 



Corollary 3.13 For any price H G (hi ow , h up ) ^ of a European contingent 
claim at time zero there does not exist any arbitrage opportunity in (Ai,H). 
For any price H ^ {hi ow , h up ) ^ there does exist arbitrage in the market. 

PROOF: The first part directly follows from Lemma [3.101 From Lemma [3791 
we know that H [hi ow , h up ] implies the existence of an arbitrage opportu- 
nity. Therefore we only have to show that Hq = h up and Hq = hi ow admits 
an arbitrage opportunity. 

We only treat the case H = h up , the second case is analogue. Comparing the 
proof of Theorem 13.61 for y = E G {H T ^ 1 ) there exists a pair (ir,C) G A(y) 
such that 

^X^ c = y+ f Xy^ c it sl : l dB s - r^dC^Hryj 1 q.s. 
Jo Jo 

We had Kt = J Q T 77 1 <iC , s where K was an increasing, continuous process 
with Eg(-Kt) = 0. Hence we can select P G V such that E P (—K T ) < 0, 
see also Remark [3.11[ Then the pair (tt, 0) G A(y) satisfies 

E p {^X^ ) > E p ( 7 ^X^ C ) = E p {H Tl ^) . 

Thus, P (Xf,'^' > Ht) > and we conclude that (ir, 0) G A{y) constitutes 
an arbitrage. So, possibly the agent may consume along the way, and ends 
up with wealth H T quasi-surely. □ 
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Remark 3.14 Note that the second statement of the corollary heavily de- 
pends on the definition of arbitrage. Under the assumption of hi ow ^ h up it 
states that if Hq is equal to one of the bounds h up or h\ ow there exists arbitrage 
in the sense of Definition \3.J\ 

Coming back to the discussion about the definition of arbitrage started in 
Remark \3.S\ the proofs of the corollary and Theorem \3.6\ also imply that if 
we required the last condition in Definition \3.4\ to be true for all scenarios 
P 6? then Hq equal to one of the bounds would not induce arbitrage in this 
new sense. Hence, h up and hi ow would be reasonable prices for the claim. 

However, there would exist profit with positive probability in many sce- 
narios. Only the scenarios P G V that satisfy E p (—Kt) = would not 
provide profit with positive probability. Thus, all P 6? not being maximizer 
of sup p e -p E p \—Kt) would induce arbitrage in the classical sense when only 
one probability measure is involved. 

From our point of view such a situation should be identified as arbitrage 
which therefore supports our definition of arbitrage in \3.1\ and\3.4 



Additionally, even though our arbitrage definition requires profit with pos- 
itive probability for only one scenario it is simultaneously satisfied for all 
P G "P which are not maximizer of snp P €V E p (—Kt) ■ 

Based on the corollary we call (hi ow , h up ) ^ the arbitrage free interval. 
In the case where a more explicit mart i ngale representation theorem for 



(Eol^rp 1 HxlJ-'t]) holds, see iHu and Peng ( 120101 ). we obtain a more explicit 



form for the consumption process C. In particular in the Markovian setting 
where = 3>(St) for some Lipschitz function $ : R — > R we can give more 
structural details about the bounds h up and hi ow . We investigate this issue 
in the following section. 

4 The Markovian setting 

We consider the same financial market Ai as before and restrict ourselves to 
European contingent claims H which have the form Ht = $(St) for some 
Lipschitz function $ : R — > R. 

We will use a nonlinear Feynman-Kac formula established in Pengj ( 2010 ). 
For this issue let us rewrite the dynamics of S in as 

dS** = rS'fdu + S% x dB u , u G [t, T], S l t ' x = x > 0. 
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Similar as the lower and upper arbitrage prices at time we define the lower 
and upper arbitrage prices at time t G [0, T], hj^x) and h l up (x). We use the 
variable x just to indicate that the stock at a considered time t is at level x, 
i.e., St = x. 

The following theorem is an extension of Theorem 13.61 It establishes the 
connection of the lower and upper arbitrage prices with solutions of partial 
differential equations. 

Theorem 4.1 Given a European contingent claim H = $(SV) the upper 



arbitrage price h^Jx) is given by u(t,x) where u : [0,T] x 
unique solution of the PDE 

d t u + rxd x u + G (x 2 d xx uj 



ru, 



u{T,x) = $(x) 



is the 



(5) 



An explicit representation for the corresponding trading strategy in the stock 
and the cumulative consumption process is given by 



C t 



k=d x u(t,S t ) VtG[0,T], 
1 '* 



d xx u(s,S s )S s d(B)< 



o 



G{d xx u(s,S s ))S 2 ds Wg[0,T]. 



Similarly, the lower arbitrage price h\ ow (x) is given by —u(t,x) where u : 
[0, T] x R + — > K also solves (JSJ) but with terminal condition u(T, x) = 
— Vx G R + . Also, the analog expressions hold true for the corresponding 
trading strategy and cumulative consumption process. 

The PDE in fl5]) is called Black-Scholes-Bare nblatt equation. It is also 
established in lAvellaneda. Levy, and Parad ( 119951 ). 

Before passing to the proof let us consider the BSDE 

= E G (*(Sp) + £ f(St'*, Y^)dr\j^)j , s G [t, T], 

where / : R x R — > R is a give n Lipschitz function. Since the BSDE has a 
unique solution, see IPend (bold ), we can define a function u : [0, T] x R + — > R 
by u(t,x) := Y t l ' x , (t,x) G [0, T] x R+ Based on a nonlinear version of the 
Feynman-Kac formula, see iPengl (120101 ). the function u is a viscosity solution 
of the following PDE 



d t u + rxd x u + G(x 2 d xx u) + f(x, u) = 0, u(T, x) = $(x). 



(6) 
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Now we come to the proof of Theorem 14. 11 



Proof: It is enough just to treat the upper arbitrage price. For that 
purpose define the function 



u(t,x) := E G (HS^ 1 ) . 
By arguing as above u solves the PDE in ([6]) for / = 0. Since the function G 



or page 19 in 


Pens 


5.4 in 


Li and Peng] 



20101) . Therefore, together with Ito's formula (Theorem 



u(t,S°' x )-u(0,x) 



d t u(s, S 



0,x\ 



rS° s > x d x u(s, S" s ' x )ds 



0,X> 



+ 
+ 



f S s d x u(s,S° s ' x )dB s + [ -S^u&S^diB), 

JO 2 



S a d x u(s,S°*)dB, 
S 2 s d xx u(s, S° s ' x )d{B) s - I ' S 2 S G {d xx u(s, S° s > x )) ds. 



—Kt=— Jq "i7 1 dC s 

Next consider the function 

u(t, x) := 7 t u(t, x), V(t, x) e [0, T] x R + . 

As in Theorem 13.61 for t = we can deduce that u(t,x) = h^^x) W(t,x) G 
[0, T] x R + . In addition, one easily checks that u is a solution of the PDE in 
(j5J). Also the function u defined by 

u(t,x) := Yf' x = E G - jf rY*' x ds\F t ^J V(t, x) E [0,T] x R + 

solves the PDE in fl5]) due to the nonlinear Feynman-Ka c formula since 
f(x, y ) = —ry. By uniqueness of the solution in (JSJ), see llshii and Lions 
(119901 ) (/ is obviously bounded in x), we conclude that u — u. Hence, 
u(t,x) = E G (HS^T-t) = K p (x) V(t,x) E [0,T] x R + and it uniquely 
solves the PDE. 
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The explicit expressions for the trading strategy and the cumulative 
consumption process C follow from the calculations above for u and the 
identity u(t,x) = u(t, x)^ 1 . 

Comparing the proof of Theorem 13.61 using its notations and Remark 
12.41 we obtain z t = S^' x d x u(t, S t ' x ) = 4>tS® ,x . Hence, <p t = d x u(t, S t ) Vt G 
[0,T]. 

Similarly we derive 

a = f ls dK s = -\ f S%.M«- S s )d(B) s + [ S 2 S G (d xx u(s, S s )) ds. 
Jo ^ Jo Jo 

□ 



Due to Theorem [4J] the functions u(t, x) = h l up (x) and u(t, x) = —h\ ow (x) 
can be characterized as the unique solutions of the Black-Scholes-Barrenblatt 
equation. In the of case of $ being a convex or concave function, respectively, 
the PDE in ([5]) simplifies significantly. Due to the following result it just be- 
comes the classical Black-Scholes PDE in ([7]) for a certain constant volatility 
level. 

Lemma 4.2 1. //$ is convex u(t, ■) is convex for any t <T . 
2. If $ is concave u(t, ■) is concave for any t < T. Analogously, if $ is 
convex u(t, ■) is concave for any t < T. If $ is concave u(t, •) is convex for 
any t < T. 

PROOF: Again we only need to consider the upper arbitrage price. It is 
determined by the function u(t,x) = Eg (^(^t^Tt-*) V(t, x) G [0, T] x R + . 

Firstly, let $ be convex, t G [0,T), and x, y G M + . Then we have for any 
a G [0, 1] 



$ S, 



$ ( (ax + (1 - a)y) e HT-t)-±<B> T _ t+ B T _ 



u(t, ax+(l — a)y) = E G 
= E G 

< E G 

< E G l 
+ E G (1 - a)$ [ye 



-r(T-t) 



-r(T-i) 



a$ (^ xe r(T-t)^<B>T- t +B^ 
( xe r{T-t)-\<B> T - t+ B T ^ 



1 - a)$ (y e r(T-t)-k<B>T- t +B T X 



-r(T-t) 



r(T-t)-\<B> T _ t +B T _ 



-r(T-t) 



a 



-r(T-t) 



]+(l-a)E a [$(SF) e-^] 



cra(t, x) + (1 — a)tt(£, y) 
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where we used the convexity of the monotonicity of Eq and in the second 
inequality the sublinearity of E G . Thus, u(t, •) is convex for all t £ [0, T]. 
Secondly, let $ be concave. Define for any (t, x) £ [0, T] x M + 




where 



d§l' x = 



r&fds + aSl> x dW s , s £ [t, T], S l t ' x = x. 



Remember that W = (Wj) is a classical Brownian motion under P. Then by 
the classical Feynman-Kac formula v solves the Black-Scholes PDE in (J7D 
with ex replaced by a. 

Since E p is linear it is straightforward to show that v(t, •) is concave 
for any t £ [0,T]. As a consequence, v also solves ([5]). By uniqueness we 
conclude v = u. Hence, u(t, •) is concave for any t £ [0, T]. □ 

As a consequence we have the following corollary 



solves the PDE in ([7]) with g_ replacing a. 

Clearly, an analogue result holds for the lower arbitrage price h\ ow , or termi- 
nal condition u(T,x) = — respectively. 

PROOF: The result directly follows from Theorem fl~Tl and Lemma fl~2l □ 



Corollary 4.3 If § is convex h° up (x) = E pa ($(S , ^' X ')7^ 1 ) and 
u(t,x) := E G ($ {Sf)^_ t ) = E p ° ($(^) 7 ^) 



solves the Black-Scholes PDE 



d t u + rxd x u + -a 2 x 2 d xx u = ru, u(T, x) = 



(7) 



J/$ is concave h° up {x) = E p ~ ($( > S°' X ) 7 - 1 ) and 

u(t,x) := E G ($(^) 7 ^ t ) = E p ~ ($(5^) 7 ?i t ) 
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Example 4.4 (European call option) Consider for K > the function 
— (x — K) + which represents the payoff of an European call option. 
Since $ is convex, and — $ concave, we can deduce by means of the last 
corollary 

K p (x) = E p * (OS? 8 - K^Tt 1 ) , 



'How 1 



x 



Furthermore, the function 



u(t, x) := ((S*? - ^)+7^) , (t, x) G [0, T] x 
solves the PDE in ([7]) . The function 

u(t, x) := E p °~ (-(S¥ - KY^-t) , (t, x) G [0, T] 



X M + , 

solves Equation ([7]) io^/i a replaced by a and boundary condition u(T, x) = 
-(x-K)+ Vx G M+. 

If $ exhibits mixed convexity /concavity behavior meaning that, for in- 
stance, there exists an x* G such that $ \[o, x *] is convex whereas $ t[x*,oo] 
is concave, the situation is much more involved. 

For in stance in the case when $ represent s a bullish call spread as con- 



sidered in lAvellaneda. Levy, and Paras 



( 1l995l ) the worst-case volatility will 



switch between the volatility bounds a and a at some threshold x{t). The t 
indicates the time dependence of the t hreshold. This fact can be ver i fied b y 
solving the PDE in (jSJ) numerically, see lAvellaneda. Levy, and Parasl dl995h . 

Clearly, the evaluation of $ becomes economic relevant when $ rep- 
resents complex derivatives or a whole portfolio which combines long and 
short positions. Pricing the whole portfolio is more efficient than pricing 
the single positions separately and leads to more reasonable results for the 
no-arbitrage bounds since the bounds are closer based on the subadditivity 
of Eq. Numerical me thods for solv ing; the Black-Scholes-Barenblatt PDE 
in (j3J) can be found in iMeyerl (120041 ) . 



5 Conclusion 

We present a general framework in mathematical finance in order to deal with 
model risk caused by volatility uncertainty. This encompasses the extension 
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of terminology widely used in Finance like portfolio strategy, consumption 
process, arbitrage prices and the concept of no-arbitrage. It is being modified 
to a quasi-sure analysis framework resulting from the presence of volatility 
uncertainty 

Our setting does not involve any reference measure and hence does not 
exclude any economic interesting model a priori. We consider a stock price 
modeled by a geometric G-Brownian motion which features volatility uncer- 
tainty based on the structure of a G-Brownian motion. In this ambiguous 
financial setting we examine the pricing and hedgin g of Eu ropean contingent 
claims. The "G-framework" summarized in iPengl ( 120101 ) gives us a mean- 
ingful and appropriate mathematical setting. By means of a slightly new 
concept of no-arbitrage we establish detailed results which provide a better 
economic understanding of financial markets under volatility uncertainty. 

The current paper may form the basis for examining economic relevant 
questions in the presence of volatility uncertainty in the sense that it extends 
important notions in Finance and shows how to control. Concrete example s 
are problems like hedging und er constraints ( cf. Karatzas and Kou f 1996h ) 
and portfolio optimization (cf. Merton ( 1990h ) . A natural step is to extend 
above results to American contingent claims and then, for instance, con- 
sider entry decisions o f a fir m in the sense of irreversible investments as in 



Nishimura and Ozakil ( 120071 ) who solved the problem in the presence of drift 



uncertainty. 

By the natural properties of sublinear expec t ation any sublinear expec- 
tation induces a coherent risk measure, see [Peng ( 120101 ) . G-expectation may 
appear as a natural candidate to measure model risk. In this context one 
might also imagine many concrete applications in Finance. 



A Sublinear expectations 



We depict notions and preliminaries in the theory of sublinear expecta- 
tion and related G-Brownian motion. This includes the definition of G- 
expectation, introduction to Ito calculus with G-Brownian motion and 
important results concerning the representation of G-expectation and G- 
martingales. We do not express definitions and results in their most gener- 
ality. Our task rather is to present it in a man ner of which we used it in the 
previo us sections. More details can be found in IPengl ( 120101 ) and lLi and Peng 
(]2009h . 
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We also restrict ourselves to the one- dimensional case. However, everything 
also holds in the <i-dimensional case. Also the financial market model can 
be extended to d risky assets using a d-dimensional G-Brownian motion as 
it is done in classical financial markets with Brownian motion. 

A.l Sublinear expectation, G— Brownian motion and 
G— expectation 

Definition A.l Let Q ^ be a given set. Let H be a linear space of real 
valued functions defined on Q with c G % for all constants c and \X\ G H if 
X EH. (H can be considered as the space of random variables.) A sublinear 
expectation E on H is a functional E : 7-L — > M. satisfying the following 
properties: For any X, Y G H we have 

(a) Monotomcity: If X >Y then E(X) >E(Y). 

(b) Constant preserving: E(c) = c. 

(c) Sub-additivity: E(X + Y) < E(X) + E(Y). 

(d) Positive homogeneity: E(\X) = \E(X) VA > 0. 
The triple "H, E) is called a sublinear expectation space. 

Property (c) is also called self-domination. It is equivalent to E{X) — 
E(Y) < E(X — Y). Property (c) together with (d) is called sublinearity. It 
implies convexity: 

E (XX + (1 - \)Y) < E(X) + (1 - X)E(Y) for any A G [0, 1]. 

The properties (b) and (c) imply cash translatability: 

E (X + c) = E(X) + c for any cel. 

The space C^Lipi^ 1 ), where n > 1 is an integer, plays an important role. It 
is the space of all real- valued continuous functions <p defined on M. n such that 
\<p{x) — <f(y)\ < C(l + \x\ k + — y\ Vx, y G M n . Here k is an integer 

depending on <p. 
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Definition A. 2 In a sublinear expectation space (O^H^E) a random vari- 
able Y G % is said to be independent from another random variable IeH 
under E if for any test function tp G C^l^IR 2 ) we have 



E[<p(X,Y)]=E[E[<p(x,Y)) a 



-x ■ 



Definition A. 3 Let X\ andX2 be two random variables defined on sublinear 
expectation spaces (fit, Hi, E\) and (f^, E 2 ), respectively. They are called 
identically distributed, denoted by X\ ~ X2, if 

EiMXx)] = E 2 [ip(X 2 )} Vy? G C lMp (R). 

We call X an independent copy of X if X ~ X and X is independent from 
X. 

Definition A. 4 (G— normal distribution) A random variable X on a 
sublinear expectation space (p.,7i, E) is called (centralized) G-normal dis- 
tributed if for any a,b > 

aX + bX ~ Va 2 + b 2 X 

where X is an independent copy of X . The letter G denotes the function 

G(y) := l -E[yX 2 ] : R R. 

Note that X has no mean-uncertainty, i.e., one can show that E(X) = 
E(—X) = 0. Furthermore, the following important identity holds 

G(y) = \<> 2 y + - ^y- 

with a 2 := -E(-X 2 ) and a 2 := E(X 2 ). We write X is N({0} x [a 2 , a 2 ]) 
distributed. Therefore we sometimes say that G-normal distribution is char- 
acterized by the parameters < g_ < a. 

Remark A. 5 All along the paper we assume a > 0. From an economic 
point of view this assumption is quite reasonable. In Finance, volatility is 
always assumed to be greater zero. A volatility equal to zero would induce 
arbitrage. 

The G-framework also works without this condition. But based on this 
assumption we get along in our paper without the notion of viscosity solution. 
Our assumption ensures that the function G is non-degenerate and therefore 
all involved PDEs induced by the G-normal d istribution, cf. Equation (JS]), 
become classical C 1,2 -solutions, see page 19 in \Peng 
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Remark A. 6 The random variable X defined in \A.4\ is also characterized by 
the following parabolic partial differential equation (PDE for short) defined 
on [0,T] x R: 

For any cp E Cj^^R) define u(t,x) := E[cp(x + y/tX)], then u is the unique 
(viscosity) solution of 

d t u-G(d xx u) = 0, u(0, •) = ¥>(•)• (8) 
The PDE is called a G-equation. 

Definition A. 7 Let (Q,,%,E) be a sublinear expectation space. (X t )t>o is 
called a stochastic process if X t is a random variable in % for each t > 0. 

Definition A. 8 (G— Brownian motion) A process (B t ) t >o on a sublinear 
expectation space (Q,1-L,E) is called a G-Brownian motion if the following 
properties are satisfied: 

(i) B = 0. 

(ii) For each t,s > the increment Bt+s — B t is iV({0} x [cr 2 s, <r 2 s]) 
distributed and independent from (B tl , B t2 , • • • ,B tn ) for each n G N, 

o < h < ■ ■ ■ < t n < t. 

Condition (ii) can be replaced by the following three conditions giving a 
characterization of G-Brownian motion: 

(i) For each t, s > 0: B t+S -B t ~B t and ^(l^l 3 ) as t -> 0. 

(ii) The increment B t+S — B t is independent from (B tl , B t2 , ■ • ■ ,B tn ) for 
each n6N and < t x < ■ ■ ■ < t n < t. 

(hi) E(B t ) = —E(—B t ) =0 Vt > 0. 

For each to > we have that (B t+t(] — B to )t>o again is a G-Brownian 
motion. 

Let us briefly depict the construction of G-expectation and its corre- 
sponding G-Brownian motion. As in the previous sections we fix a time 
horizon T > and set Qt = Co([0, T], E) - the space of all real-valued 
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continuous paths starting at zero. We will consider the canonical process 
B t (oj) := oj t , t < T, uj G Q. We define 

L ip (n T ) := {tp(B tl ,- ■ ■ , B tn )\n G N,^, • • • , t n G [0, T], ip G C /iLip (R n )}. 

A G-Brownian motion is firstly constructed on L ip (f2r). For this purpose let 
(£i)ieN be a sequence of random variables on a sublinear expectation space 
(Q, E) such that & is G-normal distributed and fj+i is independent of 
• " " > &) f° r eac h integer i > 1. 

Then a sublinear expectation on L ip (Qj-) is constructed 
by the following procedure: For each X G Lj P (f2j') with 
X = <p(B tl -B t0 ,B t2 -B tl ,--- ,B tn -5 tn _J for some p G C^(K re ), 
< t < *i < ■ • • < tn < T, set 

E G [<p(B tl - B to ,B t2 - B tl , ■ ■ ■ , B tn - Bt„_i)] := E^V^i - *o£l, • • • , y/t n ~ t n -i£n)]- 

The related conditional expectation of X G Li P (Qt) as above under Q^z G 
N, is defined by 

E G [<p(B tl -B t0 ,B t2 -B tl ,.-. ,B tn -S^JI^J :=^(S tl -5 to ,--- 

where ■ • ■ := ■ • • v^i+i - ••■ , \ft n - t n -it,n)}- 

One checks that E G consistently defines a sublinear expectation on Lj p (f2<r) 
and the canonical process B represents a G-Brownian motion. 

Definition A. 9 The sublinear expectation Eq ■ L^Qt) K de- 

fined through the above procedure is called a G- expectation. The corre- 
sponding canonical process (B t )t£[o,T] on the sublinear expectation space 
(Qtj Li P (p,T) , Eg) is a G-Brownian motion. 

Let | |f ||p := [£ G (|£| P )]* for f e L ip (n T ),p > 1. Then for any t G 
[0, T], E G (-\Q t ) can be continuously extended to L G (Q T ) - the completion 
of LipiVLx) under the norm ||f || p . 

Proposition A. 10 The conditional G-expectation E G (-\Q t ) '■ L g (Qt) 
L G (Q t ) defined above has the following properties: For any t G [0, T],X,Y G 
L g (Qt) we have 

(i) E G (X\n t ) > E G (Y\n t ) ifX>Y. 

(ii) E G (r ] \Q t ) = r ]i f V eL l G (Q t ). 
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(in) E G (x\n t ) - E G (Y\n t ) < e g (x - Y\n t ). 

(iv) E G {r]X\Q t ) = r) + E G (X\Q t ) + r]~ E G (-X\Q t ) for each bounded 7] G L l G (Q t 

(v) E G (E g (X|O t ) \Q S ) = E G (X\n tAs ). 

(vi) E G (X\n t ) = E G (X) for each L^(fi^). 

The following property is often very useful. Of course, it holds for any 
sublinear expectation if the related conditional expectation is defined reason- 
ably. 

Proposition A. 11 Let X, Y G L G (VL T ) with E G (Y\Q t ) = -E G (-Y\Q t ) for 
some t G [0,T]. Then we have 

E G (X + Y\Slt) = E G (X\n t ) + E G (Y\n t ). 



In particular, if E G (Y\Q t ) ~- 

E G (x + Y\n t ) = E G (x\n t ) 



E G (-Y\Q t 



then we have 



G-expectation and its corresponding G-Brownian motion is not based 
on a given classical probability measure. The next theorem establishes the 
ramification with probability theory. As a consequence we obtain a set of 
probability measures which represents the functional E G in a subsequently 
announced sense. Although the measures belonging to the set are mutually 
singular this result is similar to the classical ambiguity setting when the 
probability measu r es ind u cing the ambig uity are absolutely continuous, see 
Chen and Epstein! (120021 ) , iDelbaenl (120021). References for the representation 
theore m for G-expectation are lDenis. Hu. and Peng! (]2010l ) and lHu and Peng 
d2010h . 

Let J 7 = B(Qt) be the Borel u-algebra and consider the probabil- 
ity space (f^T, J~, -P) . Let W = (W t ) be a classical Brownian motion 
in this space. The filtration generated by W is denoted by (Ft) where 
T t '■= a{W s \0 < s < t} V Af and N denotes the collection of P-null subsets. 
For fixed t > we also denote J* := a{W t+u - W t \0 <u<s}VAf. 

Let 6 := [a, a] such that G(y) = ^sup 9(£ Qy9 2 and denote by Af T the 
collection of all 0-valued (J-"*)-adapted processes on [t,T]. For any 9 G Af T 
we define 



B 



e s dw s . 
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Let P 9 be the law of the process B Q / = f*6 s dW s ,t G [0,T], i.e., P 9 = 
P o (B ' 9 )- 1 . Define Vi := {P 9 \6 G A® T } and (the weakly compact set) 
V : = V\ as the closure of V\ under the topology of weak convergence. 
Using these notations we can formulate the following result. 

Theorem A. 12 For any y? G Ci Mp (R n ),n G N, < U < ■ ■ ■ < t n < T, we 

have 

E G [ip(B tl , ■■-,B tn - B tn _J] = sup E p [ip(B° t f, B^' e )} 

9eA® T 

= sup E p9 [cp(B tl ,--- 

= supE pe [cp(B tl ,---,B tn -B tn _ 1 )}. 
p ev 



Furthermore, 



E G (X) = sup E P (X) WX G L G (Q T ). 



The last theorem can also be extended to the conditional G-expectation 



see also ISoner. Touzi. and Zhang! (j2010a ). For X G L G (Q T ),t G [0,T], and 

QeV, 

E G (X\J r t ) = ess sup E Q '(X\F t ) Q - a.s. 

Q'dV{t,Q) 

where P(t, Q) := {Q' G V\Q' = Q on J^}. 

As seen in the previous sections the following terminology is very useful 
within the framework of G-expectation. 

Definition A. 13 A set A G J 7 is polar if P(A) = for all P eV. We say 

a property holds "quasi-surely " (q.s.) if it holds outside a polar set. 

Peng also gives a pathwise description of the space L p G {Q^r). This 



is quite helpful to get a better understanding of the space. Before passing to 
the description we need the following definition. 

Definition A. 14 A mapping X : — > R is said to be quasi-continuous 
(q.c.) ifWe>0 there exists an open set O with sup PgP P{0) < e such that 
X\oc is continuous. 

We say that X : Qt — > R has a quasi-continuous version if there exists a 
quasi-continuous function Y : ft? — > R with X = Y q.s. 
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Peng ri20ld ) showed that L p G (tt T ) ,p > 0, is equal to the closure of the 



continuous and bounded functions on Qt, Cb(^r), with respect to the norm 
\\X\\ p := (svp PeV E p [\X\ p ])p . Furthermore, the space L G (Q T ),p > 0, is 
characterized by 

L p r (n T ) = {X € L°(Q T ) : X has a q.c. version, lim sup E p \\X\ p ln x \ >n \\ = 0} 

(9) 

where L°(f2p) denotes the space of all measurable real-valued functions on 



The mathematical framework provided enables the analysis of stochastic 
processes for several mutually singular probability measures simultaneously. 
Therefore, when not stated otherwise all equations are also to be understood 
in the sense of "quasi-sure". This means that a "property" holds almost- 
surely for all conceivable scenarios. 



A. 2 Stochastic calculus of Ito type with G— Brownian 
motion 

We briefly present the basic notions on stochastic calculus like the construc- 
tion of Ito's integral with respect to G-Brownian motion. 
For p > 1, let M G '°(0,T) be the collection of all simple processes rj of 
the following form: Let {t ,ti,--- ,tjsf},N G N, be a partition of [0,T], 
£i G L G (Qti) Vi = 0, 1, • • • , TV — 1. Then for any t G [0, T] the process 77 is 
defined by 

JV-l 

1 

For each r\ G M G °(0,T) let 1 1 77 1 1 jwrg := (J^G Jq \Vs\ p d> s j P an d denote by 
Mq(0,T) the completion of M G °(0,T) under the norm || ■ \\m*,- 

Definition A. 15 Fort] G M G °(0,T) with the presentation in ( FlOl) we define 
the integral mapping I : M G °(0,T) — > L g (Qt) by 

„ T N-l 
I( V )= / V (s)dB s :=J2UBt J+1 -B tj ). 
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Since I is continuous it can be continuously extended to M G (0,T). The 
integral h as simi l ar pro perties as in the classical Ito calculus case. For more 



details see iPengj fl20ld ). 

The quadratic variation process of B is defined like in the classical case 
as the limit of the quadratic increments. The following identity holds 



(B) t = B 2 -2 [ B s dB s Vt < T. 
Jo 



The quadratic variation of B is a continuous, increasing process which is 
absolutely continuous with respect to dt. ((B) t ) contains all the statistical 
uncertainty of B. It is a typical process with mean uncertainty. For s, t > 
we have (B) s+t — (B) s ~ (B)t and it is independent of Q s . Furthermore, for 
any t > s > 

E G [(B) t -(B) s \n s } = a 2 (t-s) } 
E G [-((B) t -(B) s )\n s }=-a 2 (t-s). 

We say that (B) t is N([a 2 t, a 2 t] x {0})-distributed, i.e., for all tp G C ltLip (M.), 

E G [<p((B) t )] = sup ip{vt). 

a 2 <v<a 2 

The integral with respect to the quadratic variation of G-Brownian motion 
f Q r] s d(B) s is defined in an obvious way. Firstly, for all 77 e M G ' u (0,T) and 
again by a continuity argument for all 77 G M G (0,T). 

The following observation is important for the characterization of G- 
ma rtinga l es. The Ito integral can also be defined for the following processes, 



sec 



Songi (j2010bl ): Let H G (0,T) be the collection of processes rj having the 
following form: For a partition {t Q ,ti,--- ,t^} of [0,T],N G N, and & G 
L ip (Q t .) Vz = 0, 1, • • • , N — 1, let rj be given by 

N-l 

:=^e 3 Ml Mj+l) (t) Vt<T. 

j=0 

For p > 1 and r? G H G (0,T) let 1 1 7? ] j jyg, := ^-Eg ^ / Q T l^sP^sj 2 ^ and denote 

by H G (0,T) the completion of H G (0,T) under this norm || • \ \h p ■ In the 
case p = 2 the spaces H G (0,T) and M G (0,T) coincide. As before we can 
construct Ito's integral / on H G (0,T) and extend it to H G (0,T) for any 
p > 1 continuously, hence / : H G (0,T) — > L g (Qt)- 
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A. 3 Characterization of G— martingales 



Definition A. 16 A process M = (Mt) with values in Lq(Qt) is called G- 
martingale if Ea(Mt\J p s ) — Ms for all s,t with s < t < T . If M and —M 
are both G-martingales M is called a symmetric G-martingale. 

By means of the characterization of the conditional G-expectation we 
have that M is a G-martingale if and only if for all < s < t < T, P £ V, 



M s = ess sup E Q '(M t \F s 
Q'ev{s,p) 



P 



a.s. 



cf. ISoner. Touzi. and Zhana (j2010al ). This identity declares that a G- 
martingale M can be seen as a multiple prior martingale which is a su- 
permartingale for any P £ V and a martingale for an optimal measure. 
The next results give a characterization for G-martingales. 

z £ M£(0,T) and rj £ M^(0,T). Then the 



Theorem A. 17 Let x £ 

process 

r-t 

M t := x + 



z s dB s 



o 



Vsd(B) t 



2G(r) s )ds, t < T, 



is a G-martingale. 

In particular, the nonsymmetric part —K t := J^r] s d(B) s — J*2G(ri s )ds, 
t £ [0, T], is a G-martingale which is quite surprising compared to classical 
probability theory since (—Kt) is continuous, non-increasing with quadratic 
variation equal to zero. 

Re mark A. 18 M is a symmetric G-martingale if and only if K = 0, see 
also lSond 1(201 Oil) . 

Theorem A. 19 (Martingale representation) (Song (2010b\) ) Let > 1 

and £ £ Lq(Qt)- Then the G-martingale X with X t := EQ(^\JFt),t £ [0,T], 
has the following unique representation 



Xt — Xn 



z,dB x - K t 



where K is a continuous, increasing process with Kq = 0, Kt £ Lq(Qt), z £ 
Hq(0,T),Vo. £ [l,/3), and —K a G-martingale. 

If p — 2 and £ bounded f rom above we get that z £ Mq(0,T) and 
K T £ L%(n T ), see lSond (l2010a[ ). 
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